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Note: Notation and terminology are understood to be as used in class. State
clearly the results you are using in your answers.

1. ( 15 marks ) Box I and Box II together contain a total of N balls. At
each trial, a ball is chosen at random from among the N balls; also,
independently, one of the boxes is selected such that the probability
of selecting Box I is p, and that of selecting Box II is 1 − p, where
0 < p < 1; then the ball chosen is placed in the box selected. Let Xn

denote the number of balls in Box I at the end of the n−th trial. Find
the transition probability matrix of {Xn}.

2. ( 15 marks ) {Xn : n = 0, 1, 2, · · · } is a time-homogeneous Markov
chain on S = {1, 2, 3, 4} with transition probability matrix

P =


1/3 2/3 0 0
1/3 1/3 1/3 0
0 1/3 1/3 1/3
0 0 2/3 1/3


Find the stationary probability distribution for {Xn}. Is it the limiting
probability distribution of {Xn} ?

3. ( 15 marks ) Find an irreducible Markov chain {Xn} on S = {1, 2, 3}
such that (i) dx < min{n ≥ 1 : P

(n)
xx > 0} for all x ∈ S, and (ii) {Xn}

is not time reversible. Here dx denotes the period of x. (Hint: You
may try Pij > 0, Pji = 0 for suitable i, j.)

4. ( 15 marks ) {N(t) : t ≥ 0} is a time-homogeneous Poisson process
with rate λ > 0. Let k ≥ 2 be an integer. Find the probability that the
time between k−th and (k − 1)−th arrivals is at least twice as much
as that between (k − 1)−th and (k − 2)−th arrivals.

5. ( 20 marks ) Claims to an insurance company arrive at times {Wi} ac-
cording to a time-homogeneous Poisson process N(·) with rate λ > 0.
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For i ≥ 1, claim arriving at Wi involves an instantaneous payment of
Xi > 0 by the company. {Wi} and {Xj} are assumed to be indepen-

dent families of random variables. S(t) =
∑N(t)

i=1 e−rWiXi denotes the
discounted value (at time 0) of the cumulative claim amount over the
period [0, t], where r > 0 is the discount rate. Find E(S(t)), t ≥ 0.

6. ( 20 marks ) Let {Pij(t) : t ≥ 0, i, j ∈ S} denote the transition
probability function of a birth and death process on S := {0, 1, 2, · · · },
with infinitesimal birth rates λi > 0, i ≥ 0, and infinitesimal death
rates µ0 = 0, µi > 0, i ≥ 1. Assume that for j = 0, 1, 2, · · ·

sup
k 6=j−1,j,j+1

1

h
Pkj(h)→ 0, as h ↓ 0.

Show that {Pij(t)} satisfies the following system of ODE’s: For fixed
i ≥ 0,

P ′i0(t) = −λ0Pi0(t) + µ1Pi1(t), t > 0,

P ′ij(t) = λj−1Pi,j−1(t)− (λj + µj)Pij(t) + µj+1Pi,j+1(t), t > 0, j ≥ 1,

with the initial conditions Pij(0) = δij . (Hint: Split the time interval
[0, t+ h] into [0, t] and [t, t+ h].)
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